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THE PENETRATION OF A JET INTO A CHANNEL 
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The method of S. A. Chaplygin [t], as generalized by S. V. Fal'ko- 
vich [2] to the case of a few characteristic velocities, is used to solve 
the two=dimensional problem of the Penetration of a subsonic jet of 
compresslble fluid flowing at an angle from a slit into a stream of the 
same fluid bounded by parallel walls. The problem is solved for the 
case of an incompressible fluid by passing to the asymptotic limit. 
Using the tables of [3] the compression coefficient is calculated for a 
stream of gas merged with an incompressible fluid. 

w 1o Le t  a two-d imens iona l ,  s t e a d y - s t a t e ,  adiabat ic  
s t r e a m  of gas with a densi ty  P2 and a subsonic  ve loc i t y  
v~ move  f r o m  lef t  to r igh t  along a channel  with pa ra l l e l  
wal ls  MON and ABCE (Fig. 1) and pass  to infinity.  

Th is  wil l  be r e f e r r e d  to as the maIn s t r e a m .  A je t  of 

the s a m e  gas flows out of a f lat  s l i t  of width h with 
r e c t i l i n e a r  pa r a l l e l  wai ls  GB and FC,  se t  at an angle  X 
to the channel wall ABCE.  Th i s  gas  has a densi ty  p~ 

and subsonic  ve loc i t y  v~ deep within the s l i t .  It is  a s -  
sumed  that a f te r  these  s t r e a m s  mee t ,  the gas  j e t  b r eaks  
away f r o m  the channel wall at the point C and pene -  
t r a t e s  into the main  s t r e a m ,  fo rming  a discont inui ty  
s u r f a c e  CD, which s e p a r a t e s  the combined  s t r e a m  
f r o m  the space  f i l l ed  with gas which is  at r e s t .  We 
shal l  confine o u r s e l v e s  to the case  when the boundary  
be tween  the leading edge of the jet  BK and the main  
s t r e a m  is not a d iscont inui ty  l ine,  but a s t r e a m  l ine ,  
common to the f lows and having a continuous change of 

ve loc i ty  along the boundary.  
Let  pa and va be the gas  dens i ty  and ve loc i ty ,  r e -  

spec t ive ly ,  at the su r f ace  of the j e t  CD, and 6 be the 

width of the combIned s t r e a m  at infinity to the r ight .  
The  coord ina te  o r ig in  is s i tua ted  on the channel  wall  
MON, and the x axis  is  in the d i r ec t i on  of the flow, 

while the y axis  pa s se s  through the poInt B. The  c o o r -  
d inates  of the poInt C will  be denoted by B and H + d, 
w i t h d ~ 0  (the case  w i t h d >  0 i s  g iven in Fig.  1). The  
s l i t  width is  then h = b sin k + d cos k. 
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Fig. 1 

We shall assume that on the streamline MON the 

stream function ~ = 0. If the gas flow rates at cross 

sections AM and FG are denoted by Q2 and Qp respec- 

tively, and the gas flow rate at the cross section DN is 

denoted by Q, 

q = Q~ + 0~ ,  (1.~) 

then the s t r e a m  flmetion O = Q2 along the s t r e a m l i n e s  
AB and GBK, which m e e t  at the point B, and ~b = Q on 

the s t r e a m  l ine FCD. 

In the hodoffraph ve loc i t y  plane TO (with polar  c o o r -  
d inates  T = v~/VZmax , whe re  v is the ve loc i ty ,  Vma x is  
the m a x i m u m  ve loc i ty ,  and 0 is  the angle  of inc l ina t ion  
of the ve loc i ty  to the x axis)  the flow r eg ion  under  con-  
s i de r a t i on  is a c i r c u l a r  s e c t o r  of r ad ius  ~-~ and a p e r -  
t u re  angle X (Fig.  2). 
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Fig. 2 

The boundary conditions are 

= Qs for 0 = - - ~ ,  0 < ~ < ~ ,  

= Q2 for  O=0, 0 < ~ < ~ ,  

= Q fo r  0 = - - ~ ,  ~1<~<r 

4 = 0  fo r  0=o ,  ~2<~<~8,  (1.2) 

~ =  Q f o r - - ~ < 0 < 0 , ~ = ~ 8 .  (1.3) 

Thus the solut ion of the p r e s e n t  p r o b l e m  has  been  
r educed  to finding the solut ion of the in te rna l  D i r i ch l e t  

p r o b l e m  for  the Chaplygin equat ion 

0--6r 

= t ] ( x - - t ) ,  n = c v / c ~  (1.4) 

in the a p p r o p r i a t e  r e g i o n s  of the c i r c u l a r  s ec to r .  
Fo l lowing  F a l ' k o v i c h  [2], we shal l  look for  a s o l u -  

tion of the p r o b l e m  In the f o r m  

oa  

co  

+: = Q: - -  Q, ~ --}- ~ [A,,z~, ('0 -F Bn~o, (~)] sin 2+0, (1.6) 

oo 

s i n  2~0. (1.7) 

Here the ~ subscript corresponds to the number of that 

region of the circular sector for which we are seeking a 

solution; zw(T) is the solution of the equation 

"~z( t  - -  "~) Z,o" @" "~ [t -J- (~- -  t) "r Z o , ' - -  

- ~2 [ 1 - -  (213 + t )~ l  z~ = 0 (1,8) 

w h i c h  is  bounded  at  r = 0; ~ (~ - )  i s  Cherry's func t i on  

[4], a second l i n e a r l y  independent  solut ion of Eq. (1.8), 
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t r e a t e d  by  F a l ' k o v i e h  [2]. It is  s ign i f i can t  that  the 
W r o n s k i a n  of t he se  i n t e g r a l s  is  

zd (3) (:d (3) 
W ( ' O =  z~,(.~) tj.,(3) = - ~ - ( t - - ~ ) ~ .  (1.9) 

The coe f f i c i en t s  a n, A n, C n,  and D n a r e  to be d e t e r -  
mined .  

The  s t r e a m  funct ion spec i f i ed  by  Eqs .  (1.5)--(1.7), 
s a t i s f i e s  the boundary  condi t ions  (1.2). We now r e -  
qu i r e  that  the boundary  condi t ion  (1.3) be s a t i s f i ed ,  
and  a l so  that  Cz should  be the ana ly t i c  cont inuat ion  of 
r f r o m  r e g i o n  (1) to r eg ion  (2), and that  r should be  
the  ana ly t i c  cont inuat ion  of $2 f r o m  r e g i o n  (2) to r e g i o n  
(3), i . e . ,  we r e q u i r e  that  f o r - ~  < 0< 0 the fo l lowing 
equat ions  should hold: 

,~  (~, 0) = Q, r (~ ,  0) = r (~, 0), 

a r  (T1, 0)  - -  092  (T1, 0 ) l 

a~b~, ('v~, a) OCa ('~,, O) (1.10) ,~  Or,,, 0) = xb~ (~, 0), 0 - - - -T- -  = o - - - - 7 - - -  

Setting r r r in (1.10) in a c c o r d a n c e  with ( 1 . 5 ) -  
(1.7)  and equat ing the coe f f i c i en t s  of s in  2~o~ we o b -  
ta in  the fol lowing s y s t e m  of equat ions  for  d e t e r m i n i n g  
the coe f f i c i en t s :  

ZHURNAL PRIKLADNOI MEKHANIKI I TEKHNICHESKOI FIZIKI  

lowing g e n e r a l  f o r m u l a  ho lds  : 

O--E~ 2"~ (l --~ "Q-B ~--~-~ sin 0 (2.1) aO ~- 

I n s e r t i n g  the s t r e a m  f~lnction $ f r o m  (1.12) into (2.1), 
and se t t ing  r = r3, we i n t e g r a t e  f r o m  -X to 0. K e e p -  
ing in m i n d  that  y = H + d for  0 = -X,  we obta in  the y 
o rd ina t e  a long the je t  CD, 

Q 3~ (i --- xs)-~ [ '~./',.,, (3a) [ sin (20) ---_~) 0 
Y x v~ t~_=~' 0) L 2o)-- i 

sin (20) + t )  0 -1 

-- 4 sin L 2 n i d  (%) 
( - - t )  4o---ff/--~-V_i ~ + H + d . (2.2) 

R e m e m b e r i n g  that  the flow r a t e  is  Q = 6va(1 - Ta) # 
and that  the condi t ion  0 = 0, y = 5 holds  at  inf in i ty ,  
then (2.2) m a y  be  e a s i l y  t r a n s f o r m e d  into the  f o r m  

4~ co /J (~) ]-~ 
-----(H+d) t + - ~ s i n k  ~ ( - - t ) "4(0 ,_1  I " (2.3) 

n = l  

(Cn--  An) z,o ('q) + ( n n - -  Bn) ~,0 (~,) = - -  2 q ,  I na , 

(An--  an) z~ (~1) + B ~  (~) = - -  ( - -  1)" 2Q, / n ~ ,  

( A n - -  an) zo' (*x) + B,,~.' (*x) = 0, 

(Cn-- A.)z,J (,,) + (Dn--Bn)~J (*~)=O . (1.11) 

Solving the s y s t e m  of equat ions  (1.11)  and us ing  the 
r e l a t i o n  (1.9), we f ind the  c o e f f i o i e n t s a n ,  An,  Bn,  Cn,  and  
D n. The s t r e a m  function @ is  found at the  s a m e  t ime .  
In what fo l lows we sha l l  need  only the function $ in the  
r e g i o n  T z < T < T~, i . e . ,  03, which we sha l l  denote  s i m -  
p ly  by  0. I n s e r t i n g  the coef f i c ien t s  C n and D n in (1.7), 
we have  

co 

* - - - - Q [ - - O +  ~ fo,(~:) sin2c~ ] , (1.12) 
n-'~X 

+ ( - - t ) "  ~,3~ z'~ (31) 1 T~ (% Va) 

T~ (~, ~) = z~ (~) ~ (~) -- ~ (~) z. (~), 

z l =  Qx/ Q, o~--= Q~I Q . (1.13) 

We note that  in what  fo l lows,  

T,J (~i, T3) = [TU (~, ~3)ls=,[ (i = 1, 2, 3), 

. . . .  "q /I--~s\ a z.,'('cx) 
+ ( - - l )  ox-~-~i_--~-xx ) ~ .  (1.14) 

w 2. We sha l l  d e t e r m i n e  the c o m P r e s s i o n  coef f ic ien t  
of the combined  s t r e a m .  Along the s t r e a m l i n e  the fo l -  

The  c o m p r e s s i o n  coef f ic ien t  of the combined  s t r e a m  
k wil l  be  taken  to m e a n  the r a t i o  of the l e a s t  width 5 of 
the s t r e a m  to the width h + H of the s l i t  and the c h a n -  
nel .  We then have  d i r e c t l y  f r o m  (2.3) 

1 h + H  [ 433sin~ ~ .,,~/o,'(~a)l k . + d i + -F-  ( - - , ~  ~ T - ~ - ]  

(/~= 8 ~ ) .  (2.4) 

in addi t ion  to f o r m u l a s  (2.3) and (2.4) we r e q u i r e  
the  equat ion of cont inui ty  (1.1), which m a y  be wr i t t en  
in the f o r m  

Q = hv~ (i - -  ~1)a + Itv~ .(l - -  ~2)~= 

= ~v 8 (l  - -  ~a) a.  (2 .5)  

R e l a t i o n s  (2.3), (2.4),  and (2.5) d e t e r m i n e  the 
s t r e a m  ve loc i t y  v~, i t s  width 5, and a l so  the c o m p r e s -  
s ion  coef f ic ien t  k in the funct ions  vl ,  v2, h, H. In the 
p a r t i c u l a r  c a s e  when X = 7r/2, d = 0 and co = h we have 
fo r  the s t r e a m  c o m p r e s s i o n  coef f ic ien t  

co 

o 3~ f i - - ~ 3 r  (--t) n %'(T~) 

co 

- ox -~-~ ~ t---'zTT/ ~7,14n, -  1 ~(~,)  (2.6) 

when (1.14) i s  taken into account .  
If the j e t  f lows out of  an o r i f i c e  f rom an in f in i te ly  

wide v e s s e l ,  then r l  = 0. F o r  T 2 = 0, H -* 0% and f o r -  
m u l a  (2.6) p a s s e s  to  the  we l l -known  f o r m u l a  of Chap ly -  
gin [1] 

1 858 ~ (--1) n zn'('~8) 
(2.7) 

n = l  
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Tab le  1 

0.0535 0.7274 0.04 

0-06 

0.08 

O. !0 

0.12 

0.02 

0.02 
0.04 
0.04 

0.02 
0.04 
0.04 
0.06 
0.06 
0.06 

0.02 

0.02 
0.02 
0.04 

O. 02 
0.02 
0.04 
0.02 
0.04 
0.06 

0.i447 
0.0240 
0.0t40 

0.2366 
0.1642 
0.t022 
0.0t28 
0.0079 
0.0056 

0.6t19 
0.8355 
0.8409 

0.5459 
0.72t4 
0.7502 
0.8877 
0.89t0 
0.8920 

"~3 "L'3 

O. 08 
0 4,) i 0.08 

. . . . .  0.08 
0.08 

0.02 
0.04 
0.04 
0.08 
0.08 
0.08 

0 . t 4 l  O.08 
0. t0  

0.02 
O. 04 
0.06 
0.08 

0.02 
0.02 
0.04 
0.02 
0.04 
0.06 
0.08 
0.02 
0.04 

0.0223 
0.0t46 
0 .0 t t t  
0.0089 

0.4664 
0.2285 
o.1448 
0.0400 
0.0265 
0.0204 
0.0167 
0.0t32 

0.02 
0.04 
0.04 
0.06 
0.06 
0.06 

0.02 
0,,04 
O. 04 
0.06 
0.06 
0.06 

0.02 
0.02 
0.04 
0.02 
0.04 
0.06 

0.3208 
0.t217 
0.0782 
0.039t 
0.0247 
0.0t86 

0.3975 

0.5040 
0.6722 
0.6926 
0.8t i5  
0.8204 
0.8235 

0.4744 

0. t0  
0. t0  
0 . t0  
0.10 

0.02 
0.02 
0.04 
0.02 
0.04 
0.06 

0. t7t8 0.6257 
0.t126 0.6518 
0.0689 0.7556 
0.0451 0.7697 
0.0342 0.7750 

, 0.02 
0;04 
0.04 
0 06 

t/6 I o:o6 
I 0.06 

0.08 
0.08 
0.08 
0.08 

0.06 
0.08 
0.t0 

0.02 
0.02 
0.04 
0.02 
0.04 
0.06 
0.02 
0.04 
0.06 
O. 08 

0.0087 
0.0067 
0.0055 
0.0047 

0.5470 
0.276t 
0.t834 
0.1357 
0.0908 
0.0708 
0.0626 
0.04t9 
0.0326 
0.0271 

0.8600 
0.8655 
0.8675 
0.8686 

0.4535 
0.5902 
0.6233 
0.8t63 
0.8255 
0.8290 
0.8308 
0.894i 
0.8922 
0.8939 
0.8950 
0.8999 

0.4347 
0.5625 
0.5977 
0.6762 
0.6997 
0.7090 
0.7719 
0.785t 
0.7903 
0.7930 

Table  2 

"%/'vs "exits h i l l  k "v ~/'va "q]"r h/ H k 

0.50 

0.3333 
0.6667 
0.6667 

0.2500 
0.5000 
0.7500 
0.7500 
0.7500 

O. 2000 
O. 4000 
9.4000 
0.6000 
0.6000 
0.6000 
0.8000 
0.8000 
0.8000 
0.8000 

0.1667 
0.3333 
0.3333 
~.5000 

0.50 

0.3333 
0.3333 
0,6667 

0.2500 
0.2500 
0.2500 
0.5000 
0.7500 

0.2000 
0.2000 
0.4000 
0.2000 

0.0626 

0.t500 
0.0324 
0.0184 

0.2973 
0.i035 
0.02t6 
0.0130 
0.0086 

0.4t56 
0.t890 
0.1191 
0.0706 

0.707t 

0.5773 
0.8088 
0.8t66 

0.5000 
0.6877 
0.8584 
0.864t 
0.8662 

0.4472 
0.60t8 
0.63t0 
0.753i 

0.5000 
0.6667 
0.6667 
0.6667 
0.i428 
0.2857 
0.2857 
0.57t4 
0.57t4 
0.5714 
0.57t4 
0.7143 
0.7t43 
0.7t43 
0.7143 
0.7143 

0.3333 
0. t667 
0.3333 
0.5000 
0.t428 
0.t428 
0.2857 
0.1428 
0.2857 
0.4286 
0.5714 
0.1428 
0.2857 
0.4286 
0.57t4 
0.7t43 

0.0854 
0.0522 
0.0335 
0.0246 
0.6368 
0.3628 
0.2361 
0.t013 
0.0659 
0.0494 
0.03d8 
0.0406 
0.0264 
0.0198 
o.o156 
0.0123 

0.4000 
0.6000 
0.2000 
0.4000 
0.6000 
0.8000 

0.i667 
0.i667 
0.3333 
0.t667 

0.0445 
0.0315 
0.0155 
0.0097 
0.0069 
0.0049 

0.5285 
0.2745 
0.1765 
0.1328 

0.7686 
0.7747 
0.8876 
0.8919 
0.8936 
0.8945 

0.4083 
0.5408 
0.5773 
0.6720 

0.12 
0.24 
0.24 
0.36 
0.36 
0.36 
0.48 
0.48 
0.48 
0.48 

0. t2  
0 . i2  
0.24 
0. t2 
0.24 
0.36 
0. t2 
O. 24 
0.36 
0.48 

0.7727 
0.4796 
0.3173 
0.2976 
0. t970 
0.1498 
0.i781 
0.1179 
0.0896 

0.0720 

0.6968 
0.7965 
0.8088 
0.8i40 
0.3779 
9.4929 
0.5346 
0.72i i  
0.732i 
0.75i0 
0.7558 
0.8270 
0.8373 
0.8416 
0.8439 
0.8453 

0.3464 
0.4534 
0.4899 
0.54t8 
0.58t8 
0.6000 
0.6396 
0.6707 
0.6848 
0.6920 
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Detai led ca lcu la t ions  us ing  this  fo rmula  have been  
made in [3]. 

Taking  into account  (2.7) and (1.13), which may  be 
reduced  to 

we m a y  t r a n s f o r m  (2.5) and (2.6) to the following f o r -  
mu la s  which a re  convenient  for making calcula t ions:  

~ ('~) = ~ ~-~ ) \ ~- ~ ; + 

oo 

n=14n~-- I z n('~) " 

(2.8) 

In pa r t i cu l a r ,  for an i n c o m p r e s s i b l e  fluid 

lim - -  - - n  ( i , i = t ,  2, 3) 

and s e r i e s  (2.8) may be summed  eas i ly .  As a r e s u l t  
of s u m m i n g  the s e r i e s  in (2.8) we can obtain without 
difficulty 

k = T - 4 ~ . ~ s ]  t + ~  \ ~ - /  ' 

F: " i + : "  ?:' l- '  

Calcula t ions  us ing  (2.8) and (2.9) were  c a r r i e d  out 
with an accu racy  to four dec ima l  places .  The r e s u l t s  
of the ca lcu la t ions  a re  given,  r e spec t ive ly ,  ia Tab les  1 
and 2. At the same  t ime the ra t ios  T2/1".~ and T1/T.~ for  
an i n c o m p r e s s i b l e  fluid were ca lcula ted  m r  the same 
values  of T1, T~, and T.~ as  in the ease  of a c o m p r e s s i b l e  
fluid. In making these ca lcula t ions  the values  of the 
funct ions  Zn(T) and Zn'(T) were  taken f rom the tables  of 
[3], and the r e s u l t s  of the ca lcula t ions  of paper  [5] 
were  employed.  
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